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Very basic examples of non-algebraic functions are given by solutions of algebraic differential 
equations. On the other hand, in dimension two, an algebraic differential equation with a sufficiently 
large number of algebraic solutions has all of its solutions in the algebraic class. This is stated in 
the following theorem due to J. G. Darboux: 

Theorem 1.1 (Darboux |12j). Let X be a polynomial vector field on C 2 . If X exhibits infinitely 
many algebraic orbits then all orbits are algebraic. In this case X admits a rational first integral. 

By an algebraic orbit we mean a non-singular orbit which is contained in an algebraic curve in 
C 2 . A rational function R(x,y) = P(x,y)/Q(x,y), P(x,y), Q(x,y) € C[x,y] is a first integral of 
X if it is constant along the orbits of X. The classical proof of this theorem relies on algebraic 
arguments and, for our current purposes, it is interesting to briefly review it. The two basic facts 
are: (i) The vector field induces a natural dual polynomial 1-form uj, of same degree, and such that 
the integral curves of ui are the orbits of X. (ii) Given a reduced complex polynomial f(x,y), the 
equation {f(x, y) = 0} defines an algebraic orbit of X if and only if j(uA df) =: 0f(x, y)dx A dy is 
a polynomial two-form, and in this case we have deg(#j) = deg(w) — 1 = deg(X) — 1. Since the 
space of complex polynomials of degree < deg(X) — 1 is a finite dimensional complex vector space, 
the existence of infinitely many algebraic leaves implies that there are two linearly independent 
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polynomials f(x, y),g(x, y) such that uAdf = u>Adg = and therefore R = f/g is a rational first 
integral for X. 

The above algebraic argumentation is not available for the case of polynomial vector fields in 
dimension m > 3. A first problem involves the definition of algebraic curve in dimension m > 3 
and the fact that not all algebraic curves are given by complete systems of polynomial equations. 
Another complication comes from the fact that it is not clear, at first glance, that given a vector 
field, there are m — 1 polynomial 1-forms defining its dual space, and all of them satisfying the 
integrability conditions. In face of this, we conclude that, while seeking the comprehension of the 
higher dimension situation, one should deploy other more geometrical features. This motivates the 
introduction of the foliation framework and our current approach. 

Theorem 11.11 is a sort of Reeb complete stability theorem for the case of projective foliations, 
i.e., foliations on complex projective spaces, in the case of codimension one. Let us first recall that 
the celebrated Complete stability theorem of Reeb (see for instance [91 Q3] ) states that a smooth 
real oriented foliation of real codimension one on a compact connected manifold is a hbration by 
compact leaves if if it exhibits a compact leaf with finite fundamental group. This result, has many 
important consequences and motivates several questions in the theory of foliations. For instance: Is 
it true that a codimension one smooth foliation on a (connected) compact manifold with infinitely 
many compact leaves has all leaves compact? The answer is clearly no, but this is true if the 
foliation is (transversely) real analytic. 

There are versions of Reeb complete stability theorem for the class of holomorphic foliations 
(see [2]). In the holomorphic framework, it is proved in [3] that a (non-singular) transversely 
holomorphic codimension one on a compact connected manifold admitting infinitely many compact 
leaves exhibits a transversely meromorphic first integral. All foliations mentioned so far are non- 
singular foliations. In |10] the author proves a similar result, if a (possibly singular) codimension 
one holomorphic foliations on a compact manifold has infinitely many closed leaves then it admits 
a meromorphic first integral and, in particular, all leaves are closed off the singular set. 

The problem of bounding the number of closed (off the singular set) leaves of a holomorphic 
foliation is known (at least in the complex algebraic framework) as Jouanolou's problem, thanks 
to the pioneering results in |12j and has a wide range of contributions and applications in the 
Algebraic-geometric setting. 

From a more analytic-geometrical point of view, in [13] it is proved a global stability theorem for 
codimension k > 1 holomorphic foliations transverse to fibrations. In [17\ we focus on the problem 
of existence of an stable compact leaf (i.e., a compact leaf with finite holonomy group) under the 
hypothesis of existence of a sufficiently large number of compact leaves. 

We recall that a subset X C M of a differentiable m-manifold has zero measure on M if M 
admits an open cover by coordinate charts ip: U C M — > <p(U) C R m such that ip(U n X) has zero 
measure (with respect to the standard Lebesgue measure in K m ). In [17] we prove the following 
measure stability theorem for non-singular holomorphic foliations: 

Theorem 1.2 (measure stability theorem). A holomorphic foliation J 7 on a compact complex 
manifold M, exhibits a compact stable leaf if and only if the set ^(J 7 ) C M of all compact leaves is 
not a zero measure subset of the manifold M . 

In this paper we address the singular case, more precisely the case of one-dimensional holomorphic 
foliations on projective spaces. By an algebraic leaf of such a foliation, we shall mean a leaf which 
is contained in an algebraic curve. Algebraic leaves of foliations on projective spaces play, in a 
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certain sense, the role of compact leaves for (non-singular) smooth foliations. In this sense, our 
main result is the following: 

Theorem 1.3 (Darboux type theorem). Let J 7 be a holomorphic foliation of dimension one with 
non- degenerate singularities on the complex projective space CP m . Assume that the set £l(J~) C 
CP m , union of all algebraic leaves of J 7 , has positive measure. Then all leaves of T are algebraic. 

By a non- degenerate singularity we mean one defined by a holomorphic vector field with a non- 
singular linear part. The above theorem, stated in terms of one-dimensional foliations, has a natural 
statement for polynomial vector fields. Indeed, any foliation of dimension one in CP m is induced 
in an affine space by a polynomial vector field. For a polynomial vector field X in C m , with 
isolated singularities, we shall refer to the singularities at infinity of X as the singularities of the 
corresponding one-dimensional foliation in CP m at the hyperplane at infinity CP m C C m . Since 
this hyperplane has zero measure, we can rephrase Theorem 11.31 as follows: 

Theorem 1.4. Let X be a polynomial vector field with non- degenerate singularities in C m and 
non- degenerate singularities at the infinity. If the set union of all algebraic orbits of X has positive 
measure then all orbits of X are algebraic. 

We are not able to state that the foliation (or vector field) above admits a rational first integral, 
i.e., a rational function whose fibers contain the leaves of the foliation. We are not able either, 
so far, to eliminate the non-degeneracy hypotheses on the singular set of the foliation (this would 
probably depend on a yet not known desingularization theorem in dimension n > 3), though we 
believe the above theorem may be true without this hypothesis. A linear vector field in C 3 with two 
eigenvalues equal to 1 and another eigenvalue A G C\R gives an example of a foliation with infinitely 
many algebraic leaves but not all leaves algebraic. Indeed, the algebraic leaves are contained in a 
two-plane, which has zero measure. 

Acknowledgement. I wish to express my gratitude to Cesar Camacho and Albeta Mafra for valuable 
discussions and various suggestions regarding the results in this paper. 

2. Finite holonomy and local stability 

The classical local stability theorem of Reeb reads as follows (0 [9]): 

Theorem 2.1 (Reeb local stability theorem). Let Lq be a compact leaf with finite holonomy of 
a smooth foliation T of real codimension k > 1 on a manifold M . Then there is a fundamental 
system of invariant neighborhoods W of Lq in LF such that every leaf L C W is compact, has a finite 
holonomy group and admits a finite covering onto Lq . Moreover, for each neighborhood W of Lq 
there is an IF -invariant tubular neighborhood tt : W' C W — > F of F with the following properties: 

(1) Every leaf L' C W is compact with finite holonomy group. 

(2) If V C W is a leaf then the restriction vr| L , : V — > L is a finite covering map. 

(3) If x G L then n~ 1 (x) is a transverse of J 7 . 

(4) There is an uniform bound k G N such that for each leaf L C W we have jf{LC\ 7r~ 1 (a;)) < k. 

Let now T be a codimension k holomorphic foliation on a complex manifold M. Given a point 
p G M, the leaf through p is denoted by L p . We denote by Hol(.F, L p ) = Hol(L p ) the holonomy 
group of L p . This is a conjugacy class of equivalence, and we shall denote by Hol(L p ,S p ,p) its 
representative given by the local representation of this holonomy calculated with respect to a local 
transverse disc E p centered at the point p G L p . The group Hol(L p , S p ,p) is therefore a subgroup of 
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the group of germs Diff(E p ,p) which is identified with the group Diff(C*,0) of germs at the origin 
£ C k of complex diffeomorphisms. 

An important tool in the proof of the local stability theorem is the following: 

Lemma 2.2 (local stability lemma, |5j). Let T be a C r foliation on a manifold M . Given a leaf 
L G T and a compact connected subset K C L there are neighborhoods K C U C W C M , with U 
open in L and W open in M , and a C r retraction tt: W —> U , such that for each x G U , the fiber 
7r _1 (x) is transverse to the restriction J- \ w . Moreover, if the holonomy group of the leaf L is finite 
then we can assume that for each leaf L' intersecting W then the restriction ^\ L i nW : L' n W — > 
tt(L') = K is a finite covering map. Moreover, the order of this covering map is bounded by the 
order of the holonomy group of L. 

In the next section we give a sufficient condition that assures the finiteness of these holonomy 
groups. 

3. Periodic groups and groups of finite exponent 

Next we present Burnside's and Schur's results on periodic linear groups. Let G be a group with 
identity ec G G. The group is periodic if each element of G has finite order. A periodic group G 
is periodic of bounded exponent if there is an uniform upper bound for the orders of its elements. 
This is equivalent to the existence ofraGN with g m = 1 for all g G G (cf. [H]). Because of this, a 
group which is periodic of bounded exponent is also called a group of finite exponent. The following 
classical results are due to Burnside and Schur. 

Theorem 3.1 (Burnside, 1905 [4j, Schur, 1911 |15j). Let G C GL(k,C) be a complex linear group. 

(i) (Burnside) If G is of finite exponent t (but not necessarily finitely generated) then G is 
finite; actually we have \G\ < £ k . 

(ii) (Schur) If G is finitely generated and periodic (not necessarily of bounded exponent) then G 
is finite. 

Using this we prove: 

Lemma 3.2 (p3]). About periodic groups of germs of complex diffeomorphisms we have: 

(1) A finitely generated periodic subgroup G C Diff(C fc ,0) is necessarily finite. A (not neces- 
sarily finitely generated) subgroup G C Diff(C fc ,0) of finite exponent is necessarily finite. 

(2) Let G C Diff(C fc ,0) be a finitely generated subgroup. Assume that there is an invariant 
connected neighborhood W of the origin in C k such that each point x is periodic for each 
element g G G. Then G is a finite group. 

(3) Let G C Diff(C fc ,0) be a (not necessarily finitely generated) subgroup such that for each 
point x close enough to the origin, the pseudo-orbit of x is periodic of (uniformly bounded) 
order < I for some I G N, then G is finite. 

4. Measure and finiteness 

Let us pave the way to the proof of Theorem 11.21 For sake of simplicity we will adopt the 
following notation: if a subset IcMis not a zero measure subset then we shall say that it has 
positive measure and write med(X) > 0. This may cause no confusion for we are not considering 
any specific measure on M and we shall be dealing only with the notion of zero measure subset 
stated in Section [TJ Nevertheless, we notice that if X C M writes as a countable union X = (J X n 

ngN 
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of subsets X n C M then X has zero measure in M if and only if X n has zero measure in M for 
all n E N. In terms of our notation we have therefore med(X) > if and only if med(X n ) > for 
some n E N. 

4.1. Measure concentration points. The following notion will be useful in our argumentation. 

Definition 4.1 (measure concentration point). Given a subset X C M of a differentiable manifold, 
a point p£M will be called a measure concentration point of X if for any open subset p E V C M, 
the set 7nl has positive measure in M. The set of measure concentration points of X will be 
denoted by C^(X). Clearly we have C^(X) C X. If we denote by lnt(X) C M the set of interior 
points of X, then we have Int(X) C C^{X). 

Lemma 4.2. If X C M is a subset then a boundary point p E dC^(X) is a measure concentration 
point of X. In other words, dC^X) C C^(X). 

Proof. We may assume that M is an open subset of M. n . Given a neighborhood p £ V, there is a 
small disc B(p; R) C M n of radius R > 0, centered at p and contained in V. Because p E dC^(X), 
there is a point q E C^X) such that \q — p\ < R/2. Given now the neighborhood B(q;R/3) of 
q, since q E C M (X), we have med(X n B(q;R/3)) > 0. On the other hand, we have X n V D 
X n B{p; R) d X n B(q; R/2,). Therefore, med(X n V) > 0. This proves that p E C^X). □ 

Lemma 4.3. Given a subset X C M t/ie set Cu.(X) has no isolated points. 

Proof. Suppose by contradiction that q E C fJi (X) is an isolated measure concentration point. Then, 
there is an open neighborhood W of q in M such that W \ {q} fl C M (X) = 0. Therefore, given a 
point q £ W \ {p}, there is an open neighborhood q £ V q C W \ {p} of q such that X n W q has zero 
measure. The open cover W \ {p} C |J W q admits a countable subcover W \ {p} C |J W qj . 

q£W\{p} jeN 

Because X n has zero measure for each j E N we conclude that X n W has zero measure and 
therefore p cannot be a measure concentration point of X. □ 

Lemma 4.4. Let X C M be a subset such that X = \J X^ where Cu{X^) = for each k E N. 

fceN 

Then med(X) = 0. 

Proof. Indeed, by Lemma [4.31 we have med(Xk) = for each k E N and therefore med(X) =0. □ 

4.2. Proof of the measure stability theorem. Let us sketch the proof of Theorem ll.2i Because 
M is compact there is a finite number of relatively compact open discs Tj C M, j = 1, ...,r such: 

(1) Each Tj is transverse to J- and the closure Tj is contained in the interior of a transverse 
disc Sj to J 7 . 

(2) Each leaf of J- intersects at least one of the discs Tj. 
Put T = |J Tj C M and define 

3=1 

Q(JF, T) = {Le7:#(LnT)< oo}. 

oo 

Then fi(J",T) = |J fi(7",T,n) where 

71=1 

^(J 7 , T,ji) ={Lg J: #(L n T) < n}. 

Since M is compact we have: 
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Claim 4.5. A leaf is compact if and only if it has finite order, i.e., we have ^(J 7 ) = ^(J 7 , T) as 
collections of leav e£\. 

Because ^(J 7 ) = ^(J 7 ,! 1 ) = (J n(T,T,n) and med(0(J r )) > 0, there is n G N such that 
med(Q (J", T,n)) > 0. 

Recall that a point p G ^(-T 7 ) is called a measure concentration point of the set of compact leaves 
f^J 7 ) if for any open neighborhood W of p the intersection If n ^(J 7 ) has positive measure. 

Claim 4.6. There is are a compact leaf Lq C C^(f2(.F)). 

Proof. Indeed, otherwise for each compact leaf L G ^(J 7 ) and for each neighborhood Vl of L in M 
there is a neighborhood Wl C Vl of L in M such that med(W^ n ^(J 7 )) = 0. In particular there 
is an open cover ^(J 7 ) C \J Wl such that med(WL H ^(J 7 , T, n)) = 0. The open cover admits 

a countable subcover so that we have ^(J 7 ) C U W n with med(W n ) = 0, Vra G N. This implies 
med(f2(.F)) = 0, a contradiction. □ 
Applying now Claim 1431 and Lemma 14.41 we conclude that Lq C C^(f2(.F, T, n)) for some n G N. 
Claim 4.7. T/ie holonomy group of Lq is finite. 

Indeed, choose a base point p G Lq n T and a transverse disc £ p C S p C T to T centered at p. 
Given a point z G S p we denote the leaf through z by L 2 . If G ^(J 7 , T, n) then #(L 2 n S p ) < n. 

Take now a holonomy map germ h G Hol(.F, Lo, S p ,p). Let us choose a sufficiently small subdisc 
If C S p such that the germ h has a representative /i: W — >• S p such that the iterates h, h 2 , h n+1 
are defined in W . Because of the claim above we have med({.z G W : #(L Z n S p ) < n}) > 0. 

Put X =: {z £ W : #(L Z n S p ) < n}. Given a point z G X we have hr{z) = z for some I < n. 
Therefore there is < n such that 

med({z G W : h nh (z) = z}) > 

Since h is analytic, the set {z £ W : h nfl (z) = z} is an analytic subset of W and therefore either 
this coincides with W or (it has codimension > 2 and therefore) this is a zero measure subset of 
W. We conclude that h nh = Id in W. This shows that each germ h G Hol(.F, Lq, T, p ,p) is periodic 
of order rih < n for some uniform n G N. This implies that this holonomy group is finite by 
Lemma 13.21 and the proof of Theorem 11.21 is finished. 

5. HOLOMORPHIC FOLIATIONS WITH SINGULARITIES 

In this paper we shall refer to singular holomorphic foliations on a complex manifold M of 
dimension m > 2. By this we mean a pair T = (J 7 ', sing (J 7 )) where sing (J 7 ) C M is a dimension 
< dim(J 7 ) — 1 analytic subset of M and J 7 ' is a holomorphic foliation (without singularities) in 
the usual sense in the open manifold M' = M \ sing(J 7 ) C M. The leaves of J- are defined as the 
leaves of the foliation J 7 '. The set sing(J 7 ) is called the singular set of J 7 . In the one-dimensional 
case there is an open cover {Uj}j^j of M such that on each Uj it is defined a holomorphic vector 
field Xj such that: if U% C\Uj ^% then Xi\ u nU = gij Xj | v nU for some non-vanishing holomorphic 

function g^ in £7j D Uj. The leaves of the restriction J r \ u . are the nonsingular orbits of Xj in Uj 



Although Q(J-) and Q.(J-, T) are collections of leaves, when we refer to the measure of these sets, we are considering 
the measure of the union of the leaves in each of these sets. This should cause no misunderstanding. 
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while we have sing(J r ) n Uj = sing(Xj). An isolated singularity of a one-dimensional foliation T in 
a manifold M is called non- degenerate if there is some open neighborhood p G U C M where the 
foliation is induced by a holomorphic vector field X with non-singular linear part DX(p) at the 
point p. 

Definition 5.1 (separatrix, //-dicritical singularity). We consider the following situation: T is 
a dimension one foliation on M with an isolated singularity at p G M, Given a neighborhood 
p G U C M where J- has no other singularity than p, we denote by J~(U) := J-\ u the restriction 
of J- to U. A leaf of J~(U) accumulating only at p is closed off p and by Remmert-Stein extension 
theorem, is contained in an analytic curve containing p. Such a curve is called a local separatrix 
of J- through p. In the case of dimension two, the classical definition says that p G sing(J-") is 
a dicritical singularity if for some neighborhood p G U C M 2 the restriction J~(U) has infinitely 
separatrices through p. 

Definition 5.2 (/U-dicritical singularity). In dimension m > 2 we shall say that p is a fj,- dicritical 
singularity if for some t7 the set sep(.F, U) C U of local separatrices of J-(U) through p has positive 
measure in C7. 

In dimension two, an isolated singularity is dicritical if and only if, its is //-dicritical, this is a 
straightforward consequence of the theorem of resolution of singularities by blow-ups (cf. Seidenberg 
|19j). Nevertheless, in dimension three a linear vector field with eigenvalues 1, 1 and —1 is not //- 
dicritical, but exhibits infinitely many separatrices (contained in the plane expanded by the positive 
eigenvalues) . 

By Newton-Puiseaux parametrization theorem, the topology of a separatrix is the one of a disc 
and the separatrix minus the singularity is biholomorphic to a punctured disc. In particular, given 
a separatrix T p through a singularity p G sing (J 7 ), we may choose a loop 7 G T p \ {p}, generator 
of the (local) fundamental group 7Ti(r p \ {p}), and the corresponding holonomy map hj which is 
defined in terms of a germ of complex diffeomorphism at the origin of a local transverse disc £, 
centered at a non-singular point q G T p \ {p}. This map, which is well-defined up to conjugacy by 
germs of holomorphic diffeomorphisms, is generically referred to as local holonomy of the separatrix 
T p with respect to the singularity p. Let us denote by £l(J-, E, k) the union of leaves L of T such 
that L meets the transverse disc £ at no more than k points, i.e., n E) < k. 

Lemma 5.3. Let J 7 be a one- dimensional holomorphic foliation with an isolated singularity at the 
origin p G M. Let T p be a local separatrix of J- through p and assume that for a local transverse 
disc E centered at a non-singular q G T p \ {p}, close enough to p we have T p C ^(^(J 7 , S, k)) for 
some k G N. Then the local holonomy of T p with respect to p is a periodic map. 

Proof. Since T p C C^{Q-{F, E, k)), arguing as in Claim R~T1 we conclude that there is < k such 
that the local holonomy map h G Hol(J-", L, E, q) satisfies h nh = Id on a positive measure subset of 
the disc E that contains the origin, and this implies that h nh = Id wherever this map is defined. □ 

The above motivates the following definition: 

Definition 5.4 (holonomy-linearizable singularity). Let J 7 be a one-dimensional holomorphic foli- 
ation with an isolated singularity at the origin p G M. We say that the singularity p is holonomy- 
analytically linearizable if given any local separatrix T p of J- through p and assume and a local 
transverse disc E centered at a non-singular q G r p \{p}, close enough to p, the corresponding local 
holonomy diffeomorphism germ of T p with respect to p is an analytically linearizable map germ. 
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5.0. 1. Siegel type and Poincare type singularities. Assume now that p G sing(J r ) is a nondegenerate 
singularity, i.e., for some neighborhood p£[/cM the restriction T \ v can be given by a holomor- 
phic vector field X with a non-singular linear part at p. There are two possibilities. If the convex 
hull in M? of the set of eigenvalues of the linear part DX(p) contains the origin, then we say that 
the singularity is in the Siegel domain, otherwise it is the Poincare domain. A singularity in the 
Poincare domain is either analytically linearizable or exhibits some resonance for its eigenvalues 
and is analytically conjugate to a polynomial form with resonant monomials called Poincare-Dulac 
normal form ([!]). For such a non-linear normal form the separatrices are contained in coordinate 
hyperplanes and not all hyperplanes are invariant. In particular, the set of separatrices is a zero 
measure subset. If the singularity is in the Siegel domain, then we can assume that the coordi- 
nate axes are separatrices. In the generic case, the coordinate planes can be assumed to be the 
only invariant hypersurfaces containing the origin. Moreover, still in the generic Siegel case, the 
local holonomy map of a separatrix can be used to completely determine the analytical type of the 
singularity. A Siegel type singularity is not /u-dicritical. 

Remark 5.5 (analytic linearization of Siegel singularities). Given a germ of Siegel singularity at 
the origin G C m , in the dimension m = 2 case, the local holonomy of a separatrix gives the full 
analytic classification of the singularity (cf. |20j). Nevertheless, this is more delicate in the case 
of dimension m > 3. Indeed, a Siegel type singularity may look like a dicritical singularity when 
restricted to an invariant plane. In [8] the authors prove this statement for m = 3 and strictly Siegel 
singularities, i.e., when G C is an interior point of the triangle with vertices at the eigenvalues. 
For dimension m > 3 the authors require some additional conditions. 

5.1. Dulac correspondence at a non-degenerate corner. We consider the following situation: 
J 7 is a dimension one foliation defined in a neighborhood of the origin G C m which is assumed to 
be a Siegel type singularity. We fix a small polydisc U 3 centered at the origin, endowed with 
local coordinates x = (x±, x m ) G U where the coordinate axes contain the local separatrices. Fix 
a holomorphic vector field X in U with an isolated singularity at p and that defines the restriction 
J~(U). Denote by Xj G C the eigenvalue of DX(0) corresponding to the eigenvector tangent to the 
O x . axis. We assume that is a singularity with rational eigenvalues, so that for a suitable choice 
of X we have A, G Z,Vj. Let us choose two coordinate axes Oxi and Oxj and fix local transverse 
discs Sj : {xi = Oj} and Ej : {xj = aj}. 

The Dulac correspondence will be defined as a correspondence T>ij from certain subsets of Ej 
onto certain subsets of Ej as follows (cf.[6l[T8] We pass to describe it on each case. 

5.1.1. Dimension two. Suppose that m = 2. In this case we have A1.A2 < and by the topological 
analytic description of Siegel plane singularities, we know that: 

Given a point z G E, denote by L z the leaf of T passing through z. If z is close enough to the 
origin of E, then the leaf L z also intersects the disc Ej. We associate therefore the intersection 
points L z n Ej, the intersection points L z n Ej. We shall write T>ij(z) to denote this subset L z n Ej 
just for simplicity. The Dulac correspondence is a multivalued correspondence Djj : Ej — > T,j, 
which is obtained by following the local leaves of T | v . 

When the origin is a linearizable singularity with rational eigenvalues, therefore given in suit- 
able coordinates by a linear vector field xj = XjXj, j = l,...,m, where Xj G Z, then the Dulac 
correspondence is a finite to finite correspondence. For instance, if the dimension is two then we 
may choose local holomorphic coordinates (x, y) G U such that the local separatrices -Dj and Dj 
through the singularity are given by Di : (x = 0), Dj : (y = 0), and such that J~\y is given by 
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kxdy + lydx = 0, q : x = y = 0, where k/t G Z+, < k, i >= 1. We fix the local transverse sections 
as Tij = (x = 1) and £j = (y = 1), such that E, n = q% ^ q and Ej n = 7^ g - Let 
us denote by h Q G Diff(£j,gj) the local holonomy map of the separatrix D{ corresponding to the 
corner q a . Then we have h a (x) = exp(— lyj — 1^4) • x. The Dulac correspondence is therefore given 
by 

t_ 

5.1.2. Dimension three. In this case we may assume that Ai < and A2,A3 > 0. The plane 
E(x2Xs) is invariant by F(U) and we denote this foliation by F{U) X2X3 . Suppose that the foliation 
J r (U)x 2 x 3 plane is linearizable dicritical, i.e., of radial type. Then given a leaf L C E{x2X^) of the 
foliation, this leaf contains a unique separatrix T C E{x2X%) through the origin. By the instable 
manifold theorem there is a germ at the origin of an analytic surface H{x\,F) that is invariant by 
the vector field X, contains the axis Xl and the curve T. The surface H(x\,F) meets the disc Si 
transversely at a 1-disc £i(r) centered at q\. Also, given any point q<i G F \ {0} and a transverse 
2-disc £2 centered at 52, the surface H(xi,T) meets £2 transversely at a 1-disc ^(T). Applying 
now the same construction in the dimension two case above, we obtain a Dulac correspondence 
2?ir : ^i(r) — > S2(r) by following the local leaves of the foliation on H(xi,T). 

5.1.3. General case. In dimension m > 3 we can proceed as above. Let V be a separatrix of T 
through the origin. Denote by A(T) the eigenvector of DX(0) in the direction of V. If Aj.A(r) < 
then we say that Xj and T form a Siegel pair. In this case we can proceed as in the above 
construction and obtain a Dulac correspondence V(J, F): F) — > S(r) from a 1-disc F) 
centered at a point qj £ Xj into a 1-disc T,(F,j) centered at a point q G F. 

5.2. Virtual holonomy and holonomy. Let J 7 be a holomorphic foliation with isolated singu- 
larities on a complex manifold M of dimension m. Given a non-singular point q G M \ sing (J 7 ), 
and a transverse disc T, q centered at q, and given a point z G T, q we denote the leaf through z by 
L z . The virtual holonomy group of the foliation T with respect to the transverse section T, q and 
base point q is defined as (cf.[7]) 

Hol^CF.E,,?) = {/ G BiBp q ,q)\L g = L f{z) ,Vz G (S„g)} 

Clearly, the virtual holonomy group contains the holonomy group, i.e., Ho^J 7 , L q , S 9 , g) C 
Hor irt (J 7 , S 9 , g), where L, C M is the leaf of J 7 through q G M. If (ft and q2 belong to the 
same leaf of T then, given transverse discs Si 3 q\ and £2 3 <?2, the corresponding virtual holo- 
nomy groups Hol virt ( J 7 , S ?1 , gi ) and Hol^*^, S 92 , ^2) are holomophically conjugate by a germ of 
(holonomy) diffeomorphism h: (E qi ,qi) — > (T, q2 ,q2). For this reason, we shall refer to the virtual 
holonomy group corresponding to a leaf L G J- and denote it as Hol vir (J 7 , L), for general purposes. 

Definition 5.6 (finite virtual holonomy). Let now F C M be a connected invariant subset. We 
shall say that each virtual holonomy group of F is finit^ if for each point q G F \ (F n sing(J 7 )), the 
virtual holonomy group of the leaf q G L q C F is finite. 

Proposition 5.7. Ze£ J 7 and F C M 6e as above. If moreover, the singularities of T in F are all 
non- dicritical and non- degenerate and the virtual holonomy group FLoV wt (T, E g , q) is finite, then: 

(1) Each singularity p G T is holonomy- analytically linearizable with integer eigenvalues. 



Notice that since F is a union of leaves and singularities, it is not clear, a priori, that the virtual holonomy groups 
of distinct leaves in F(Lq) are related. 
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(2) Each virtual holonomy group of F is finite. 

(3) Each holonomy group of a leaf L <ZT is finite. 

Proof. Indeed, this holds for the singularities contained in the leaf L q C T. Fix now a singularity 
p G F and a leaf L\ C T containing a separatrix through p, but not contained in L q . Choose now 
a disc Si transverse to T centered at q\ G L\ a point close enough to p. The hypothesis that the 
virtual holonomy group Hol virt (J-", Si, q\) is finite implies the holonomy Hol(J-", L\, Si, q\) is also 
finite. Since this holonomy group contains the local holonomy map of the separatrix contained 
in Li, by means of the Dulac correspondence T>: Si — > S 9 we may associate to any holonomy 
map h G Ho^J 7 , Li, Si, qi), a finite number of germs hP 6 Hol virt (J 7 , S g , g) with the property that 
hP o V = V o h. Therefore, we may "embed" the holonomy group of an adjacent leaf L\ to L q , 
into the virtual holonomy group Hol virt (J-", S^, q). Iteration of this process, gives embedding of any 
holonomy group of any leaf contained in T. □ 

Definition 5.8 (graph). A graph of J- is an invariant compact connected analytic subset T C M 
such that: 

(Gl) Each leaf in T is contained in an analytic curve. 

(G2) r contains each separatrix through the singularities p G sing(J 7 ) n T. 
(G3) Each leaf L C T accumulates at some singularity p G sing(J r ) n T. 

Lemma 5.9 (Stability lemma for graphs). Let J- be a holomorphic foliation with isolated singu- 
larities on a complex manifold M . Let F C M be a graph of J- such that: 

(51) The singularities of T in F are all holonomy- analytically linearizable of Siegel type with 
integer eigenvalues. 

(52) Each virtual holonomy group of F is finite in the sense of Definition \5.6\ 

Then there is a fundamental system of invariant neighborhoods {U u } u< zfq ofT in M such that in 
each U u the leaves of T are closed off the singular set sing(J 7 ) n V. In particular, there is a uniform 
k G N such that for any transverse disc S to T centered at any non- singular point q G r\sing(J r )nr, 
and any leaf L G J- intersecting U u , we have ord(L, S) := D S) < k. 

Proof. By the finiteness of the virtual holonomy, any leaf contained in T has finite holonomy 
group. Given a let L C F and a compact connected subset K C L C F \ (sing(J r ) n F) there are 
neighborhoods U{K) D W(K) D K of K, with U(K) C M open in M, W(K) C L connected 
and open in L, and a holomorphic retraction tt(K): U{K) — > W(K), such that for each point 
x G W(K), the fiber tt^ 1 (x) is transverse to the (leaves of the) restriction F\jjr K y Moreover, 
thanks to the finiteness of the holonomy of the leaf L := L(K) C F that contains K, we may 
assume by the local stability lemma (Lemma 12. 2p that the neighborhoods U{K) and W(K) form 
fundamental systems of neighborhoods of K in M and F respectively, and that the restriction 
7r(K )| Ln[/ ^ : L n U(K) — > W(K) is a finite covering map. Write now sing (J 7 ) D F = {pi, ...,pt}. 

By hypothesis, for each j = 1, ...,£, there is a neighborhood U(j)j) of pj in M where the holonomy 
maps of the separatrices of the restriction T \ TT are all analytically linearizable as rational rotations. 

In particular, each (local) leaf of the restriction -^"l^/p.) i s closed off qj and has a uniformly 
bounded finite order (with respect to transverse discs). On the other hand, each leaf L of J- that 
approaches F enough, intersects some open set U(j>j) above. Now a similar construction to the one 
in the local stability theorem of Reeb gives the invariant neighborhoods U u of F, where each leaf 
of T is either contained in F or is closed: Let L be a leaf of T and assume that L accumulates 
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at some singularity p E T. Then, L must contain a separatrix T p C T and therefore the leaf L is 
contained in T. Since T is graph, if the leaf L accumulates at some non-singular point q E T then 
L must accumulate at some singularity in T. Therefore, the leaves in U v are closed or contained 
in r. The uniform bound for the order of the leaves in U u is a consequence of the finiteness of the 
(virtual) holonomy groups, of the local Dulac maps associate to corner singularities in T and of the 
local stability lemma (Lemma I2.2j) . 

□ 

Definition 5.10 (stable graph). A graph T of a foliation T on M is called stable if it satisfies 
conditions (SI) and (S2) in Lemma 15.91 above. 

6. Foliations on complex projective spaces 

Since the Cousin multiplicative problem always admits a solution in C m+1 \ {0}, m > 2, a one- 
dimensional holomorphic foliation with singularities J- on CP m is always defined in any affine space 
C m C CP m by a polynomial vector field with isolated singularities. From now on by foliation we 
shall mean a one-dimensional holomorphic foliation with singularities. In this paper, by an algebraic 
leaf we mean a leaf L C CP m of the (non-singular) foliation, such that the closure L C CP m is 
algebraic of dimension one. Equivalently, L is contained in an algebraic curve. If this is the case, 
A(L) := L is an algebraic invariant curve and we have A(L) \ L = L n sing(J-~) C sing(J r ). Given 
a foliation T on CP m we denote by ^(J 7 ) C CP m the set of all algebraic leaves of T . This is 
therefore a collection of leaves of J 7 , but when we refer to the (zero or positive) measure of this set, 
we are considering the measure of the union of the leaves in ^.(J 7 ), what should cause no confusion. 

6.1. Algebraic leaves and finite order. 

Definition 6.1 (|16|). Let J 7 be a foliation of codimension k on a manifold M (perhaps non- 
compact). A compact total transverse section of J 7 is a compact fc-manifold T C M (possibly with 
boundary) such that every leaf of J- intersects the interior of T. 

Lemma 6.2 (|16j). Let J- be a holomorphic foliation of dimension 1 on CP(n) with (finite) singular 
set sing J 7 . There exists a finite collection of immersed closed discs Dj C CP(n), j = 1, ...,r 
pairwise disjoint such that: (i) Dj « {z E C, \z\ < 1} and Dj = Dj \ dDj is transverse to T. 
(ii) Each leaf of T intersects at least one of the open discs Dj . In other words, the manifold with 
boundary T = D% U ... U D r is a compact total transverse section to J 7 . 

Proof. Denote by {pi, ...,p r } the singular set of J 7 . Choose small neighborhoods Uj B pj diffeomor- 

r 

phic to polydiscs {z E C n , \z\ < 1} centered at pj. Put X = CP m \ U Uj. Then X is compact. 

i=i 

There exists an open cover U U a = CP(n) \ sing(J 7 ) by distinguished neighborhoods U a , such 

that in each U a we have an embedded disc S a ~ B transverse to J 7 L. such that if p G U a then 
L p n S a 7^ 0. Since X is compact there exists a finite covering X C U ai U ... U U at . In particular 
for any p E X, L p intersects some T, aj ,j E {1, ...,£}. On the other hand, a leaf cannot remain in a 
polydisc Uj for it cannot be bounded in the affine space. Therefore, any leaf intersects X and thus 
the interior of some Sj. □ 

This motivates the following definition: 

Definition 6.3 (finite order leaf). Let J 7 be a one-dimensional foliation on CP m . We say that 
a leaf L E J- of T has finite order if for some compact total transverse section T C CP m to J 7 , 
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we have that the intersection L n T is a finite set. Fixed such section T we call the relative order 
ord(L,T) as the number of intersection points, i,.e., ord(L, T) = jJ(L n T). 

The following well-known lemma shows that the above notion of order is intrinsic and we shall 
refer to the order ord(L, J 7 ) of a leaf L of T . 

Lemma 6.4 (Transversal uniformity lemma, [5]). Given a foliation T on a manifold M and given 
two points <7i,<72 S Lo * n a so^ie Zea/ Lo of T, there are transverse discs Si and £2, centered 
at <7i,(/2 respectively, and a diffeomorphism h: Si — >■ S2 suc/j t/iaf /or any leaf L of T we have 

/i(LnSi) = Lns 2 . 

From the above lemma given a leaf L of J-, a point q £ L and a transverse disc S to T 7 centered 
at a point q £ L we have Jj(L n S) < ord(L, J 7 ). 

Lemma 6.5. Given a holomorphic foliation T of dimension k in CP m and a compact total trans- 
verse section T C CP" 1 to T . A leaf L G T is algebraic if, and only if, it has finite relative order 
ord(L,T) < 00. More precisely, we have r?(_F) = (J Q(F,T,n) where by definition 

neN 

T,n) = {L G F : #(L flT) < n}. 

Proof. First we remark that, according to a theorem of Chow, a leaf L C CP" 1 is algebraic if and 
only if its closure L C CP m is an analytic subset of dimension one. By a theorem of Remmert 
and Stein the closure L C CP m is analytic of dimension one if and only if L \ L is contained in 
a analytic subset of dimension zero. Therefore, a leaf L of J- is algebraic if, and only if, we have 
L\ L C sing(J r ). If L is algebraic, then L is a compact algebraic one-dimensional submanifold of 
CP m . We have L flT = L flT. Therefore, since L is compact, we have )J(L flT) < 00. Therefore, 
every algebraic leaf has finite relative order. Conversely, let L £ J 7 be a leaf with finite relative 
order with respect to T. In particular, L is closed off the singular set and therefore, by the initial 
remark, L is an algebraic leaf. 

□ 

7. Proof of Darboux type theorem 

In what follows we consider the following situation: J 7 is a holomorphic foliation of dimension 
one with non-degenerate singularities on the complex projective space CP m such that the set ^(J 7 ), 
union of all algebraic leaves of J 7 , has positive measure. 

Lemma 7.1. The set C^(^l(J-)) is invariant by the foliation T . 

Proof. Given a non-singular point q G C^(Q(J-)) by the local trivialization of the foliation we 
conclude that for a certain neighborhood W of q, the plaque q G Q C W of the leaf L q of J 7 
through q is also contained in the set ^(^(J 7 )). This shows that C^(Q(J-)) is (locally invariant and 
therefore) invariant. 

□ 

By hypothesis ^(J 7 ) has positive measure. Therefore, by Lemmas 14.31 and 17. II the set ^(^(J 7 )) 
is invariant and contains some leaf, say Lq C C^{VL (J 7 )). We can actually conclude more. From 
Lemma 16.21 we may choose a compact total transverse section T C CP m to J 7 . Using then Lem- 
mas EH and |4~4] we immediately conclude that: 

Lemma 7.2. Under the hypothesis of Theorem \1.S\ there is a leaf Lq G J- such that Lq C 
C^(Q(P ', T, k)) for some k G N and some total transverse section T C CP m . 
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Lemma 7.3. Let p E C /i (f2(J r )) nsing(J 7 ) be a (non- degenerate) non-dicritical singularity, which is 
a measure concentration point of^l(J-). Then, any separatrix A p of J- through p is also contained 
in the set of measure concentration points ofQ,{J-) and has finite holonomy map with respect to the 
singularity p. 

Proof. First we observe that p, since it is non-degenerate and non-dicritical, the singularity is in 
the Siegel domain. By the local Dulac correspondence associated to two separatrices through p we 
conclude that each separatrix is contained in (^((^(J 7 ))). Applying then Lemma l?T8l we conclude 
that, given a separatrix T through p, and a local transverse disc E centered at a non-singular 
q E T \ {p}, close enough to p, we have T C (^((^(J 7 ))) and therefore, there is k E N such that 
T C C^{yt{F, S, k)), where by definition 

Q(F, S, k) = {L E F : #(L nT) < k}. 

Now, by Lemma 15.31 we conclude. □ 

Lemma 7.4. Let p E ^(0(7-")) nsing(J 7 ) be a singular measure concentration point of£l(J-). Then 
p E sing(J r ) is holonomy- analytically linearizable. 

Proof. If the singularity q E sing(J r )nr(Lo) is in the Poincare domain then we have two possibilities: 

(i) The singularity is analytically linearizable, given in suitable local coordinates by a linear diag- 
onal vector field X q . In this case, because the local holonomy maps associated to the separatrices, 
are finite maps, we conclude that the eigenvalues of X q can be chosen, up to multiplication of X q 
by a suitable constant, to be integer numbers. 

(ii) The singularity can be put in the Poincare-Dulac resonant (nonlinear) normal form. In this 
case it can be proved that there are at most n — 1 invariant hyperplanes and the local holonomy 
map of a suitable invariant axes is not periodic ([!])• Moreover, the periodic leaves, i.e., the leaves 
which are closed off the origin, are confined to invariant hyperplanes and their union is a zero 
measure set. Therefore we obtain a contradiction and this case cannot occur. 

Assume now that q is a singularity in the Siegel domain. In this case, the singularity is holonomy- 
analytically linearizable in a diagonal normal form if and only if the holonomy map associate to 
some separatrix is analytically linearizable as a diagonal normal form. This is the case because, 
thanks to what we have observed, all the local holonomies of separatrices contained in A(Lq) are 
finite periodic. 

By hypothesis the singularity is non-degenerate and there are two possibilities: If p is in the 
Poincare domain, then it is either analytically linearizable or exhibits some resonance for its eigen- 
values and is analytically conjugate to a polynomial form with resonant monomials called Poincare- 
Dulac normal form ([I]). As already observed, for a non-linear normal form the set of separatrices 
is a zero measure subset while the other leaves are not closed off the origin and accumulate at the 
invariant hyperplanes. This implies that, in this non-linear normal form case, the singularity is not 
contained in C^((fl(F))). Therefore, in the Poincare case the singularity is necessarily analytically 
linearizable. Assume now that the singularity is in the Siegel domain. Then, each such local holo- 
nomy is periodic (and therefore analytically linearizable as a rational rotation), the singularity is 
holonomy-analytically linearizable. □ 

Corollary 7.5. Let p E C /X (ri(^-*)) n sing (F) be a singular measure concentration point oftt(F). If 
p is a fi-dicritical singularity then p is, in suitable local coordinates, of the form x = Ax for some 
diagonal linear map A E GL(m,C), with positive integer coefficients. 
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Proof. Indeed, the singularity is /i-dicritical and holonomy-analytically linearizable by Lemma 17.41 

□ 

Definition 7.6. A /x-dicritical singularity p E sing(J 7 ) will be called of radial type if it is analytically 
linearizable of the form x = Ax for some diagonal linear map A E GL(m,C), with positive integer 
coefficients. 

Proposition 7.7. Let T be as in Theorem \1.S\ then there exists a finite sequence of quadratic 
blow-ups 7r: M — > CP m , at the fi-dicritical singularities in C„(Q(.F)), such that M is a projective 
manifold and the induced pull-back foliation T = it* (J 7 ) is a foliation with the following properties: 

(i) The singularities of J- are of non- degenerate type. 

(ii) The set £l(J~) C M, union of algebraic leaves of T , has positive measure. 

(iii) The singularities of J- = tt*{J-) are non- fi-dicritical singularities or fi-dicritical singularities 
which are not measure concentration points of the set Q(J-) C M of algebraic leaves of T . 

Proof of Proposition 7. 7 Let T be as in the statement. By Corollary [73] a singularity p E C(f2(J 7 )) 



is either non-/i-dicritical or of radial type. For a singularity of radial type p\ E sing(J 7 ), a single 
quadratic blow-up at this singular point, say 7i"i : M\ — > CP m , produces a pull-back foliation 
T\ = tt^ 1 {F), such that: 

(!) ^ UvrV) is ec * uivalent to -^Icp^UM 

(2) The exceptional divisor vr^ 1 ^!) = CP m_1 , contains no singularity of T\ and is everywhere 
transverse to T\. 

(3) The set of algebraic leaves of T\ is birationally equivalent, by the map ir: Mi — > CP m , to 
the set of algebraic leaves of J-. In particular, has positive measure if and only if 

has positive measure. 

By the proper mapping theorem a leaf L of J- is algebraic if, and only if, the inverse image 
7r ] ^ 1 (L) C M\ is a finite union of algebraic leaves of Ti and possibly some singular points. In 
particular, we have med(ri(J r i)) = if and only if med(0(J 7 )) = 0. Thus, finite iteration of this 
process, at the /U-dicritical singular concentration points, gives the desired result. □ 

Consider T and T as in the above proposition. Then, by sake of simplicity of notation, we shall 
assume that T = J 7 , i.e.: 

• Let us assume from now on that the foliation T has no fi-dicritical singularity in C^(Q(J-)) C 
CP™. 

Given an algebraic leaf L E 0,(^F) of J 7 , denote by A(L) = L U (L n sing(J 7 )) the irreducible 
algebraic curve that contains L. Therefore, A(L) is the union of L and all the local separatrices 
tangent to L. If we denote by ^(J 7 ) C CP m the closure of Q(J-) in CP m then we have: 

0(7) = (J A(L) = U (sing(J") n WFj) C U sing^). 



The set Q(J-) is the union of all algebraic invariant curves of J- . Given an algebraic leaf L of 
J 7 , let us also denote by T(L) the union of A(L) and all the leaves containing separatrices A p of 
singularities p E sing(J r ) contained in A(L), and the union of all leaves containing separatrices of 
singularities in these curves A p and so on. Assume that L C C M (f) (J 7 )). By Lemmas 17.31 and 17.11 
each leaf containing a separatrix A p is also contained in the set of measure concentration points of 
Q(J-). Therefore we have T(L) C C^(fJ). 
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Later on we will show that indeed, T(L) is a graph of T . The first step is the following: 

Lemma 7.8. Let Lq C C^{Vi{F, T, k)), then each separatrix of a singularity p G T(Lq) is algebraic 
and also contained in the set of measure concentration points of ^(J 7 , T, k). 

Proof. Suppose by contradiction that a certain leaf L containing a separatrix T p of a singularity 
p G Lq is not algebraic. Then, there is a non-singular accumulation point q^ G L\L, q^ ^ sing(J r ). 
Given a transverse disc T qoo to T centered at q^, we have ft(LnS 9oo ) = oo. Choose now a transverse 
disc T q to J 7 , centered at a point q G T p C L, close to p. Then, given any k G N there is a subdisc 
Si C Tig, such that if z G Si then the leaf L z 3 z satisfies %{L Z n S 9oo ) > A;!. Now we consider 
the Dulac correspondence from Si to a disc S2 centered at a point go £ ^0 close to p G Lq, and 
then, by the Transverse uniformity lemma (Lemma I6.4p . from the disc S2 to the disc T qoc . The 
above shows that for any w G S2 close enough to the origin qo, we have $(L W n T qca ) > k\ and, in 
particular, L w has order greater than k. Therefore, med(S2nf2(.7 7 , A;)) = 0, yielding a contradiction 
for Lq C (^(f^J 7 , T,k)). The same argumentation holds for the case p G r(Lo) fl sing(J r ), because 
still in this case we have a well-defined system of Dulac correspondences, from a transverse subdisc 
S2, intersecting Lq at a point §2 close to p, to the disc T qoa , centered at the accumulation point 
(/oo of a non-algebraic leaf containing a separatrix. This proves that every separatrix in T(Lq) is 
algebraic. In order to conclude that each such separatrix is also contained in the set of measure 
concentration points of ,T,k), it is enough to use the above constructed systems of Dulac 
correspondences and the fact that Lq C C^{Vi{F ,T,k)). □ 

Let be given a leaf Lq C C^{Vt(J- ,T,k)). By Lemma 17.81 above. T(Lq) is an invariant set which 
is a union of algebraic curves, that contains the algebraic curve A(Lo). We know that T(Lq) C 
C^{Vi{F ,T,k)) and also: 

Lemma 7.9. Given a leaf Lq C C fl (£l(J-',T,k)) all the virtual holonomy groups o/T(Lo) are finite 
and the singularities q G sing(J r ) n r(Lo) are all holonomy- analytically linearizable with integer 
eigenvalues. 

Proof. Recall that, by hypothesis, all the singularities in T(Lq) are in the Siegel domain. Therefore 
r(Lo) is a connected invariant subset contained in ^(J 7 )). Applying then Lemma 17.41 we conclude 
that each singularity in T(Lq) is analytically linearizable. More precisely, let sing(J r ) n r(Lo) = 
{qi, q{\. From the preceding claim, for each j = 1, I there is a neighborhood Wj of qj in CP m 
where J- admits a linear diagonal normal form with integer eigenvalues, in suitable local analytic 
coordinates centered at qj. In particular, each (local) leaf of the restriction ^"1^. is closed off qj 
and has a uniformly bounded finite order. On the other hand, each leaf L of J- that approaches Lq 
enough, intersects some open set Wj above. 

Take now a virtual holonomy map germ h G Hol virt (J 7 , Lq, T p ,p). Let us choose a sufficiently 
small subdisc W C T p such that the germ h has a representative h : W — > T p such that the iterates 
h, h 2 , h n+l are defined in W. Put X =: {z G W : jf{L z n S p ) < n}. Because of the claim above 
we have med(X) > 0. Given a point z G X we have h>{z) = z for some t < n. Therefore there is 
nh < n such that 

med({z G W : h nh (z) = z}) > 
Since h is analytic, the set {z G W : h Hh (z) = z} is an analytic subset of W and therefore 
either this coincides with W or (it has codimension > 2 and therefore) this is a zero measure 
subset of W. We conclude that h nh = Id in W. This shows that each virtual holonomy germ 
h G Hol virt (J-", Lq, T p ,p) is periodic of order < n for some uniform n G N. This implies that 
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this virtual holonomy group is finite by Lemma 13.21 By Proposition 15.71 all the virtual holonomy 
groups of r(Lo) are finite and the singularities q G sing (J 7 ) n T(Lq) are all linearizable with integer 
eigenvalues. □ 

Summarizing the above results we have (cf. Definition 15. lOj) : 

Proposition 7.10. Let T be as in Theorem \1.3l Given a leaf Lq C C^(Q(J-,T,k)) the curve T(Lq) 
is an stable graph of T . 

Proposition 7.11. Let Lq C C«(n(.F, T, k)). There is a neighborhood W o/T(Lo) in M such that 
W C ^(J 7 ), i.e., each leaf intersecting W is algebraic. The neighborhood W can be chosen to be 
invariant and arbitrarily small. 

Proof. By Proposition 17. lUl the curve T(Lq) is an stable graph for T in the sense of Definition 15. 1U1 
By the local stability theorem for graphs, Lemma f5.9l there exists a fundamental system of invariant 
neighborhoods W of T(Lq) in M such that the leaves in W are all of a uniformly bounded finite 
order with respect to any small enough transverse disc S centered at any non-singular point q G 
r(L )\sing(^). 

In particular, a leaf L C W is of finite order and therefore algebraic. 

□ 

The above proof actually shows (or directly from Lemma I5.9P that: 

Lemma 7.12. An stable graph T(Lq) of an algebraic leaf Lq C Q(J~) is contained in the interior 
of the set £1 (J 7 ). 

7.1. End of the proof of Darboux type theorem. 

Proposition 7.13. Under the hypothesis of Theorem \1.3\ there is a leaf Lq C (^(^(J 7 )). Indeed, 
there are k G N and an algebraic leaf Lq C Q(J~) such that Lq C C^(0,(J-,T,k)). 

Proof. Indeed, since by hypothesis we have med(r2(J 7 )) > 0, by Lemma 14.41 there is some k G N 
such that ^(^(J 7 , T, k)) ^ 0. By Lemmas 14.31 and 17.11 there is some leaf Lq C C^(Q(J 7 ,T, k)). 

□ 

We denote by lnt(Q('F)) C CP m the interior of the set ^(J 7 ), union of all algebraic invariant 
curves of T . 

Proposition 7.14. The set Int(r2(J r )) is an open, non-empty, invariant subset ofCP m . A bound- 
ary leaf L C (9Int(ri(J 7 )) is contained in the set of measure concentration points L C C^(£l(J-)). 

Proof. According to Proposition 17.131 there are k G N and an algebraic leaf Lq C $~l(J~) such that 
Lq C C^{F,T,k)). By Proposition ED] we have Lq C Int^J 7 )). Thus Int(S7(J r )) ^ 0. Given a 
leaf L C <9C M (ft(T)) then by Lemma0we have L C C^{VL(F)). □ 

Proposition 7.15. Given a leaf Lq C dlnt^^)) contained in the boundary of the interior of 
£l(J-), then Lq is algebraic, and T(Lq) is an stable graph. 

Proof. Indeed, if L C aint(0(7)) then L C C ^QjT )) and then L C C^{n(T, T, k)) for some k G N. 
Therefore, we only have to apply Proposition 17. 101 □ 

Since an stable graph T(Lq) is in the interior of the set £l(J~) (Lemma 17.12ft . in particular, we 
conclude that: 
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Lemma 7.16. The boundary dint (CI (J-)) contains no leaf. 

The above lemma implies that actually the boundary dInt(fl(^F)) is empty. Therefore, SI (J 7 ) = 
CP m and Theorem 11.31 is proved. 
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